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1 In tro duction

The paper is devoted to modelling exploitation of a commonrenewable re-
sourceby large groupsof agents. A special focus is given to the problem of
an environmental taxation systemenforcinga pro�le beinga Pareto improve-
ment of the equilibrium solution or at least ful�lling someenvironmental or
social conditions.

We comparegametheoretic modelsof two kinds: gameswith a large but
�nite number of players and gameswith a continuum of players.

In both gamesthe measureof the spaceof players is normalisedin order
that the results obtained for both modelscould be compared.

In thesegames,the state of the systemX , describingthe amount of the
available resource,changesin responseto the aggregateU� of a pro�le �
(which will be formally de�ned in the sequel)of players' strategiesand the
behaviour of the system is described by the regenerationequation X 0(t) =
rX (t) � U� (t; X (t)) with the initial condition X (0) = �x > 0 (note that for
this regenerationequation it is impossibleto completely destroy the system
at any �nite time i.e. X (t) is always positive, whatever � the playerschoose).

There is a constraint on players' strategiesavailable at state x.
The payo� of each player is the integral over an in�nite time interval of

his discounted instantaneouspayo�s.
The full speci�cation of the model is in section2.

There is a largenumber of game-theoreticmodelsdescribingexploitation
of commonrenewable resources,started by Levhari and Mirman , continued
by e.g. Fisher and Mirman or papers in the volume edited by Carraro and
Filar . Most of them examinetwo player games.For a more exhaustive re-
viewsof such modelsseee.g. Kaitala , or the author Wiszniewska-Matyszkiel
2001aand 2003b

The gamesconsideredin this paper are good to model situations like
exploitation of high seas�sheries. Similar models can be used to describe
emissionof greenhousegasesor freones. The number of players increasing
to reach the continuum as the limit casedoesnot re
ect situations in which
additional �shermen appearand join the existingsetof players. In our models
all measureson setsof playersarenormed,and maximal available aggregates
are the samein all games,and thereforejoint in
uences of the playerson the
ecosystemin all gamesare identical.

Hereby increasingthe number of playerswe considernot additional play-
ers,but a moreaccurateway to describe their behaviour: in each gamewe in
fact have the samemassof �shermen but we look at the processesof decision
making asmore or lesscentralized.
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To illustrate the gradualprocessof decentralisation re
ected by increasing
the number of players, we start by setting the number of players equal to 1
(in general{ mankind asonedecisionmaker, in the caseof high seas�sheries
{ all independent ships treated asone
eet with one leader), then we realize
that decisionsare not madeby the abstract "mankind", but the number of
decisionmakers is at least two, still abstract (e.g. North and South, better
or worseequipped �shing 
eets). We can decomposethe model further, into
continents, countries, regions.The number of players increasesaswe realize
that the decisionmaking processesare more decentralized.

Finally we get to the actual decisionmakers (if we considere.g. emission
of greenhousegases{ executives in �rms or even ownersof small �replaces,
while in the caseof �shery { captains or owners of ships). The number of
such small players is largeenoughto make any singleplayer feel insigni�cant
{ negligible. A captain of a ship doesnot think that his decisioncanin
uence
the dynamicsof the �shery and thereforebehaves in a myopic way. This is
not quite irrational { he is approximately right, sincehis in
uence is negli-
gibly small. Although the players are right only approximately, their beliefs
in
uence their decisionprocesses.Obviously, aggregatedecisionsin
uence
the dynamicsof the �shery { they de�ne it. This is alsoknown to everyone.

We can say that players either are irrational in their decision-making
processesor believe that they constitute a continuum.

The best framework to deal with interactions among many players in
which we have simultanously negligiblity of single players and meaningful
aggregates,are gameswith a continuum of players. In such gamesit is easy
to model the phenomenonof insigni�cance { negligibility { of a singleplayer
while "su�cien tly many" players are not negligible. Gameswith a contin-
uum of players (continuing the idea of Aumann 1964 and 1966 and Vind
concerningmarkets with continuum of traders) were de�ned by Schmeidler
and afterwards examinedin many paper (e.g. by Mas-Colell , Balder , Wiec-
zorek, Wieczorekand Wiszniewska-Matyszkiel and Wiszniewska-Matyszkiel
2000bwiszniewska-99a).

Dynamic gameswith a continuum of players were not consideredfor a
long time. A generaltheory of such gameswas developed by the author in
Wisnziewska-Matyszkiel 2002a,2003c,2002band 2003a(with someapplica-
tions). There were also applications of such games: on modelling �nancial
markets Wiszniewska-Matyszkiel 2003a,2005b, and Karatzas, Shubik and
Sudderth, modelling electionsWiszniewska-Matyszkiel2002b,and especially
important from the point of view of this paper modelling exploitation of
common ecosystemsWiszniewska-Matyszkiel 2001b, 2000bwith focus also
on mechanismsenforcingoptimalit y.

When we comparea dynamic gamewith a continuum of players with its
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counterpart with �nitely many players,wecanexpect a substantial changein
equilibria but alsosomeasymptotic behaviour asthe number of playerstends
to in�nit y. In Wiszniewska-Matyszkiel 2005athe author examineda discrete
time dynamic game with a continuum of players and its counterpart with
�nitely many playersin which playerswereable to destroy the systemat any
stageof the game(which wasrepresented by X (t) = 0). The extraction rates
in constant rate symmetric equilibria of �nite player gamestended to the
extraction rate of a symmetric constant rate equilibrium in the continuum-
of-players game. Nevertheless,there was a substantial di�erence: in games
with �nitely many playersthe systemwasnot destroyedin dynamicequilibria
{ X (t) wasalways positive { while for the gamewith a continuum of players
no pro�le with this property wasan equilibrium. This is not the casein this
paper: the players are unable to destroy the systemat any �nite time and
at equilibrium players can have the sameextraction rates in both �nite and
continuum of playersgames.Nevertheless,even in such a casethe technique
of calculating equilibria as well as meansenforcing socially desiredpro�les
essentially changes.Moreover, it is much simpler in the caseof a continuum
of players.

The paper is constructed as follows. In section 2 both gamesare for-
mulated: with n players and with a continuum of players (denoted by 1 ).
Equilibria are calculated for gameswithout enforcement in section 3 and
their suboptimalit y is proven in section4. The problem of choiceof socially
desiredbehaviour is examined in detail in section 5, while the problem of
enforcement is consideredin section6.

2 Form ulation of the model

In order to make the gamescomparable,weconsidersetsof players
 i (where
i = n for n-player gamesand i = 1 for the continuum-of-players game)as
subsetsof the unit interval [0; 1]. The measureon the set of players 
 n

is normed and uniform (i.e. � n (! ) = 1
n for ! 2 
 n ). The measureon


 1 = [0; 1], denotedby � 1 , is the Lebesguemeasureon [0; 1].
We assumethat there are only K typesof players, i.e. the unit interval is

divided into disjoint sub-intervalsI k such that all playersfrom I k areidentical,
i.e. all parameters de�ning players (listed below - with subscript ! ) are
identical for playersfrom the sameI k . The type index will be always denoted
as a superscript. The set of players of type k in the i -player game(with i
positive integeror in�nit y) is assumedto be measurableand its measurewill
be denotedby � k

i . We assumethat � k
n ! � k

1 as n tends to in�nit y.
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In both gamesthe set of static strategiesis R+ , the set of decisionsavail-
able to the players is generallyalso R+ , but at state x, player ! can choose
only decisionsfrom the set of decisions available at x which is equal to
[0; M ! � x] (where M ! are assumedto be large). For players of type k we
have M ! = M k . The symbol �M will denotethe aggregateof constraints M i

of the players in the continuum of players case: �M =
KP

l=1
M l � l

1 .

The gameis played in a system with the set of possiblestates R+ and
the initial state is �x > 0.

A (dynamic) strategy of player ! is any Lebesgue-measurablefunction
D : R+ � R+ ! R+ which is Lipschitz in the secondargument with a
constant L (without lossof generality the samefor all typesof players) and
such that for all t and x D(t; x) � M ! �x. The �rst argument represents time,
the second{ the state of the systemand the condition meansthat D(t; x) is
in the set of decisionsavailable at x.

A dynamic pro�le � is a measurablefunction from the product of the sets
of players,time and statesinto the setof static strategies� : 
 i � R+ � R+ !
R+ , which will be written as � ! (t; x), such that for a.e. player ! � ! (�; �)
is a dynamic strategy of player ! . The aggregateU� : R+ � R+ ! R+ of
a pro�le � is de�ned by U� (t; x) =

R

 i

� ! (t; x)d� (! ) (which in the caseof
�nitely many players is the average).

The form of players' strategiesallowsfor arbitrary measurabledependence
on state and time. However, we sometimesalsoassumethat players restrict
only to �xed rate strategies(i.e. such that � ! (t; x) = c! � x). We shall prove
that there exist pro�les of such form which areequilibria over the wholeclass
of dynamic pro�les aswell aspro�les of such form which are Pareto optimal
over the whole classof dynamic pro�les. In someaspects, for simplicity of
further reasoning,we shall restrict our attention only to �xed rate pro�les.

The time set is [0; + 1 ), and during the game the state of the system
changesin responseto the aggregateU� of players' strategiespro�le � acord-
ing to the regenerationequationX 0(t) = rX (t) � U� (t; X (t)) with the initial
condition X (0) = �x. The tra jectory corresponding to any pro�le of the ag-
gregateU� (such an absolutely continuous tra jectory exists and is unique
sinceU� is measurableand boundedand Lipschitz with respect to the state
variable asthe averageof functions which are Lipschitz with the constant L)
will be denotedby X U� .

The usual form of the pro�le is of extendedclosedloop type, but we shall
also needan open loop form of pro�les: for a pro�le �, the open loop form
of � is a function � OL such that � OL

! (t) = � ! (t; X U� (t)) for all t and ! .
The instantaneouspayo� for a decisiond is ln d (for simplicity of notation

we take ln 0 = �1 ).
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The logarithmic instantaneouspayo� function wasused,asin e.g. Levhari
and Mirman or Fisher and Mirman in order to emphasizethe fact that the
resourceconsideredis the basisof the existenceof the society of their users
{ the lossof utilit y resulting from not extracting at all for even a very short
period cannot be compensatedby any, arbitrarily largeextraction levelsover
the rest of the time interval.

The payo� for a dynamicpro�le � is equalto the instantaneouspayo� dis-

counted and integratedover time: � ! (� ! ; U� ) =
+ 1R

0
e� � ! t ln (� ! (t; X U� (t))) d� (t),

where � denotesthe Lebesguemeasureon R+ , and � ! > 0 is the discount
rate of player ! , while � k { of type k (� ! = � k whenever player ! is of type
k).

We assumethat � ! are small comparedto M ! , i.e. max
! 2 
 i

� ! << min
! 2 
 i

M ! .

By �� we shall denotethe aggregatediscount rate in the continuum of players

case�� =
KP

l=1
� l � l

1 .

3 Equilibria

The most important notion in a noncooperativegameis equilibrium. Weshall
considera Nash equilibrium. Here we give a de�nition of Nash equilibrium
valid both for gameswith n and 1 of players.

De�nition 1 A dynamic pro�le � is a Nashequilibrium in the gamewith i
players if for a.e. ! 2 
 i and everydynamic strategy D of player ! we have
� ! (� ! ; U� ) � � ! (D ; U� D ;! ), where � D ;! is a pro�le de�ned by the condition
for all t and x � D ;!

! (t; x) = D(t; x) and � D ;!
� (t; x) = � � (t; x) for all � 6= ! .

Let us note that in the caseof �nitely-man y-playersgamesthis de�nition
is equivalent to the standardde�nition of Nashequilibrium, sincethe measure
of each player is greater than 0.

Theorem 1 There existsa dynamicequlibrium � in the n-player gamesuch
that for players of type k we have � ! (x; t) = ck

n � x for all t and x, where
ck

n = min(� k � n; M k). It is the only constant rate pro�le being an equilibrium.

Theorem 2 For gameswith a continuum of players there existsa dynamic
equlibrium � suchthat for � ! (x; t) = ck

1 � x for everyplayer ! of type k, for
all k, t and x, where ck

1 = M k . It is the only equilbrium (up to t and ! in a
negligibleset).
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The symbol ck
1 instead of M k is usedfor uniformit y of notation.

Note that ck
n � ck

1 and ck
n ! ck

1 asn tends to in�nit y. Therefore,in this
example, the gamewith a continuum of players can be regardedas a good
approximation of situation with many (but �nitely many players). For large
n we have ck

n = ck
1 = M k , and therefore the equilibria in n-players games

are the sameas in the continuum of players game (unlike in the discrete
time gamesfrom Wiszniewska-Matyszkiel 2005a). However, the mechanism
of calculating theseequilibria essentially di�ers (seethe proofs).

In order to prove theorem 1, we shall needthe following lemma:

Lemma 3 Let us consider the n-player gameand the best responseof player
! of type k to somestrategiesof the remainingplayers. Assumethat the sum
of decisions of the remaining playersweighted by their measuresat any time
is of the form C � x for everystate x and a.e. time t. Then there existsa best
responce of player ! given by D(t; x) = ck

n � x for ck
n = min(� k � n; M k). This

best response is unique up to t in a negligible set if we consider open-loop
forms of players' strategies.

Pro of (of lemma 3)

Player ! facesthe maximization problemmax
+ 1R

0
e� � ! t ln

�
D(t; X D ;C (t))

�
d� (t)

with the constraint D(t; X D ;C (t)) � M k �X D ;C (t), whereX D ;C is a tra jectory
of the systemgivenby the equationX 0(t) = r �X (t) � 1

n �D(t; X (t)) � C �X (t)
with the initial condition X (0) = �x.

This is equivalent to X 0(t) = (r � C) � X (t) � 1
n � D(t; X (t)).

First, we shall �nd an optimal solution over a smaller set of available
strategiesof player ! : constant rate strategiesD(t; x) = s � x.
On this classof control functions, for rate s the behaviour equation has the
form X 0(t) = (r � C � 1

n � s) � X (t), which leads to the tra jectory X (t) =
�x � e(r � C� 1

n �s)�t .

Therefore,the related payo� is
+ 1R

0
e� � ! �t ln

�
s � �x � e(r � C� 1

n �s)�t
�

d� (t) =

=
+ 1R

0
e� � ! �t

�
ln s + ln �x + (r � C � 1

n � s) � t
�

dt = ln s+ln �x
� !

+ (r � C� 1
n �s)

(� ! )2 .

The �rst order condition for optimal s is 1
s�� !

� 1
n�(� ! )2 = 0, which implies

s = n � � ! . The payo� function is obviously concave, therefore, if the �rst
order conditions are ful�lled for n � � ! � M ! , then this point is the unique
maximum. In the oppositecase,the maximum is obtainedat M ! . Thesetwo
conditions give us ck

n .
Now let us substitute the obtained rate ck

n into the payo� function. We
get a function V of the initial state being the optimal payo� over the con-
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strained classof control functions: V(x) = ln ck
n +ln x
� !

+ (r � C� 1
n �ck

n )

( � ! )2 . Note that
V is continuosly di�erentiable for x > 0, while x = 0 cannot be reached from
any positive initial condition. Therefore, in order to check whether ck

n � x
de�nes a control which is globally optimal it is enoughto check whether V
ful�lls the Bellman equationwith transversality condition at in�nit y (for suf-
�ciency of such a condition seee.g. Zabczyk 1991or 1992. In our case:
� ! � V(x) = sup0� d� M ! �x

�
ln (d) + V 0(x) �

�
(r � C) � x � d

n

��
, which is obvi-

ously ful�lled and the supremum at the right-hand-side of the equation is
obtained for d = ck

n � x.
The transversality condition is lim t ! + 1 V(X (t)) �e� � ! �t = 0 for the tra jectory
corresponding to this choiceof player ! , which is also ful�lled.

ThereforeD(t; x) = ck
n � x is a best responseto any pro�le of decisionsof

the remaining players which hasconstant rate average.
To prove the uniquenesswe �rst assumethat there exists another opti-

mal control function bD whoseopen-loop form bD OL di�ers from the open-loop
form D

OL
of D on a nonnegligibleset. Let us denotethe optimal payo� by

� opt.
We considera control function eD with the open loop form ful�lling eD OL =
1
2D

OL
+ 1

2
bD OL . Becauseof the concavit y of the logarithm weget ln

�
eD

�
t; X eD ;C (t)

��
>

1
2 ln

�
D

�
t; X D ;C (t)

��
+ 1

2 ln
�

bD
�

t; X bD ;C (t)
� �

, i.e. ln
�

eD OL (t)
�

> 1
2 ln

�
D

OL
(t)

�
+

1
2 ln

�
bD OL (t)

�
. Sincethis strict inequality is on a nonnegligibleset and out-

side this set we have equality, then the payo� for eD ful�lls
+ 1R

0
e� � ! t ln

�
eD OL (t)

�
d� (t) >

+ 1R

0
e� � ! t

�
1
2 ln

�
D

OL
(t)

�
+ 1

2 ln
�

bD OL (t)
��

d� (t) =

1
2 � opt + 1

2 � opt, which contradicts the optimalit y of D and bD.
Pro of (of theorem 1)
It is an immediate consequenceof lemma 3.
Pro of (of theorem 2)
In this paper we can use one of so-calleddecomposition theoremscon-

cerning dynamic gameswith continuum of players with state of the system
changing in responceto a statistic of a pro�le (a generalizationof usual ag-
gregate{ an integral of a measurablefunction composedwith the graph of
the pro�le): such decomposition theoremsfor gameswith continuous time
are in Wiszniewska-Matyszkiel 2001b, 2000aand 2002abut only for open
loop strategies,while for strategiesde�ned as a function of time and state
we have a compound theorem1 of Wiszniewska-Matyszkiel 2003cconcerning
stochastic games.We shall not quote this theorembecauseof its complexity.

Using this theoremfor our simple gamewe get two results:
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1) (from point b of cited theorem) every dynamic pro�le consisting of
equilibria in static gamesis a dynamic equilibrium.

2) (from point e or f ) every dynamic equilibrium consistsof equilibria in
static games.

In all static gamesat �xed time t and state x with x > 0 we have only
oneequilibrium (up to ! in a negligibleset) { each player extracts all: M ! � x,
sincefor every player ! his only best responseto any pro�le of decisionsof
the remaining players is given by Argmaxd� M ! �x ln d = f M ! � xg.

4 Suboptimalit y of equilibria

Nash equilibria are usually not Pareto optimal. We have such a situation
in this paper. In the caseof identical players it is easyto indicate a Pareto
optimal pro�le, which is better for all players{ this is the pro�le in which all
players behave as if each of them were the only userof the ecosystem.

Theorem 4 If 2 � n � + 1 and all playersare identical, then a pro�le e�
de�ned by e� ! (t; x) = c1

1 � x is better for every player then the equilibrium
pro�le � ! (t; x) = c1

i � x. Moreover, e� is Pareto optimal and maximizesthe
aggregatepayo�.

Pro of
First we shall considergameswith �nitely many players. Let us calculate

payo�s for both pro�les.

� ! ( e� ! ; Ue� ) =
+ 1R

0
e� � ! �t ln

�
e� ! (t; X U e�

(t))
�

d� (t) =
+ 1R

0
e� � 1 �t ln

�
� 1 � e(r � � 1 )�t � �x

�
dt =

= ln � 1

� 1 + ln �x
� 1 + r � � 1

( � 1)2 .
Now we shall calculate the payo� for the equilibrium pro�le assuming

that n � � 1 � M 1:

� ! (� ! ; U� ) =
+ 1R

0
e� � ! �t ln

�
� ! (t; X U�

(t))
�

d� (t) =
+ 1R

0
e� � 1 �t ln

�
n � � 1 � e(r � n�� 1)�t

�
dt =

= ln n
� 1 + ln � 1

� 1 + ln �x
� 1 + r � n�� 1

( � 1)2 = ln n
� 1 + ln � 1

� 1 + ln �x
� 1 + r � � 1

(� 1)2 � (n� 1)�� 1

( � 1)2 .

Thereforewe have � ! ( e� ! ; Ue� ) � � ! (� ! ; U� ) = (n� 1)� ln n
� 1 > 0 for n > 1.

If n � � 1 > M 1, then � ! (� ! ; U� ) =
+ 1R

0
e� � 1 �t ln

�
M 1 � e(r � M 1)�t � �x

�
dt =

= ln M 1

� 1 + r � M 1

( � 1)2 + ln �x
� 1 =

ln
�

M 1

� 1

�

� 1 + ln � 1

� 1 + ln �x
� 1 + r � � 1

(� 1)2 �
( M 1

� 1 � 1)�� 1

(� 1)2 .

Thereforewe have � ! ( e� ! ; Ue� ) � � ! (� ! ; U� ) =
( M 1

� 1 � 1)� ln
�

M 1

� 1

�

� 1 > 0 since

by assumption
�

M 1

� 1

�
> 1.
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For a continuum of players� ! (� ! ; U� ) =
+ 1R

0
e� � 1 �t ln

�
M 1 � e(r � M 1 )�t � �x

�
dt =

= ln M 1

� 1 + ln �x
� 1 + r � M 1

( � 1)2 =
ln

�
M 1

� 1

�

� 1 + ln � 1

� 1 + ln �x
� 1 + r � � 1

( � 1)2 �
( M 1

� 1 � 1)�� 1

( � 1)2 , thereforealso

� ! ( e� ! ; Ue� ) � � ! (� ! ; U� ) > 0.
Now we shall prove that e� maximizesthe aggregatepayo�:
R


 i

+ 1R

0
e� � 1 �t ln

�
e� ! (t; X U e�

(t))
�

d� (t)d� (! ) �
R


 i

+ 1R

0
e� � 1 �t ln (� ! (t; X U� (t))) d� (t)d� (! )

for every pro�le �.
We have the following equality

R


 i

+ 1R

0
e� � 1 �t ln (� ! (t; X U� (t))) d� (t)d� (! ) =

+ 1R

0

R


 i

e� � 1 �t ln (� ! (t; X U� (t))) d� (! )d� (t)

(for �nitely many players this fact is obvious, for a continuum of players it
follows from the Fubini theorem).

By the Jenseninequality,
+ 1R

0

R


 i

e� � 1 �t ln (� ! (t; X U� (t))) d� (! )d� (t) �
+ 1R

0
e� � 1 �t ln

 
R


 i

� ! (t; X U� (t))d� (! )

!

d� (t) =

+ 1R

0
e� � 1 �t ln (U� (t; X U� (t))) d� (t) �

+ 1R

0
e� � 1 �t ln

�
� 1 � e(r � � 1)�t � �x

�
d� (t) = � ! ( e� ! ; Ue� ),

which endsthe proof that e� maximizesthe aggregatedpayo�.
Since e� maximizesthe aggregatepayo�, it has to be Pareto optimal: if

it werenot, then the aggregatedpayo� of a Pareto improvement of e� would
be greater than for e� .

If the playersare not identical, the pro�le e� doesnot have to be a Pareto
improvement of the equilibrium pro�le. Nevertheless,it sometimesis:

Theorem 5 a) If n is largeenoughand for all typesn�� k � M k thena pro�le
e� de�ned by e� ! (t; x) = ck

1 � x is better for every player than the equilibrium
pro�le de�ned by � ! (t; x) = ck

n � x for ! of type k.
b) Let us take any positive integer l > 1. If maxk=1 ;:::;K � k � l � 1

ln l �
mink=1 ;:::;K � k then for all n � l such that for all types n � � k � M k a pro�le
e� is better for every player then the equilibrium pro�le � ! (t; x).

c) The pro�le e� is alwaysbetter for at least one type of playersthan � .

Pro of
Let us calculatepayo�s for both pro�les.

� ! ( e� ! ; Ue� ) =
+ 1R

0
e� � ! �t ln

�
e� ! (t; X U e�

(t))
�

d� (t) =
+ 1R

0
e� � k �t ln

�
� k � e(r � �� )�t � �x

�
dt =

= ln � k

� k + ln �x
� k + r � ��

(� k )2 (where �� denotesthe averagediscount rate �� =
KP

i =1
� i � i

n).
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Now we shall calculate the payo� for the equilibrium pro�le assuming
that n � � k � M k for every type k:

� ! (� ! ; U� ) =
+ 1R

0
e� � ! �t ln

�
� ! (t; X U�

(t))
�

d� (t) =
+ 1R

0
e� � k �t ln

�
n � � k � e(r � n� �� )�t � �x

�
dt =

= ln n
� k + ln � k

� k + ln �x
� k + r � n� ��

(� k )2 = ln n
� k + ln � k

� k + r � ��

(� k )2 � (n� 1)� ��

(� k )2 .

Thereforewehave� ! ( e� ! ; Ue� )� � ! (� ! ; U� ) = � ln n
� k + (n� 1)� ��

(� k )2 =
(n� 1)�

��
� k �� k

(� k )2 �

ln n
� k =

=
(n� 1)�

��
� k �� k

(� k )2 � ln n
� k =

(n� 1)�
��

� k

� k � ln n
� k . This is greater than 0 if and only if

(n � 1) �
��

� k > ln n. We have this inequality for every n and for every type k

of players who are not more impatient than the average(then
��

� k � 1_).
a) The function ln n

n� 1 is strictly decreasingand it tends to 0. Thereforefor

every positive value of mink=1 ;:::;K
��

� k there exists N such that for n > N we

have ln n
n� 1 < mink=1 ;:::;K

��
� k , which meansthat the pro�le e� is better for every

player than �.
b) Sincethe function (n � 1) �

��
� k � ln n is strictly increasingfor every �xed

value of the ratio
��

� k , we can check for which value of this ratio the function

is positive for all n � l : we substitute n by l. We get (l � 1) �
��

� k � ln l > 0,

which implies
��

� k > ln l
l � 1. This holds for every distribution on typeswhenever

maxk=1 ;:::;K � k � l � 1
ln l � mink=1 ;:::;K � k .

c) In any casethere exists a type k such that that � k � �� . As we have
proven, for playersof this typewealways have� ! ( e� ! ; Ue� )� � ! (� ! ; U� ) > 0.

Theorem 6 If for all k either ck
i are su�ciently large compared to � k and

su�ciently closeto �ci =
KP

l=1
cl

i �
l
i ; or both ck

i and � k are su�ciently closeto �ci

and �� , respectively, then in the gamewith i playersthe pro�le e� is a Pareto
improvementof the equilibrium pro�le � .

Pro of
We comparethe payo�s for thesetwo pro�les:

We have � ! ( e� ! ; Ue� ) =
+ 1R

0
e� � ! �t ln

�
e� ! (t; X U e�

(t))
�

d� (t) =

=
+ 1R

0
e� � k �t ln

�
� k � e(r � �� )�t � �x

�
dt = ln � k

� k + ln �x
� k + r � ��

(� k )2 .
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� ! (� ! ; U� ) =
+ 1R

0
e� � 1 �t ln

�
ck

i � e(r � �ci )�t � �x
�

dt = ln ck
i

� k + ln �x
� k + r � �ci

(� k )2 .

We comparethe payo�s and get � ! ( e� ! ; Ue� ) � � ! (� ! ; U� ) =

=
�

ln � k

� k + r � ��

(� k )2

�
�

0

@
ln

�
ck

i
� k

�

� k + ln � k

� k + r � ��

(� k )2 �
( �ci

� k �
��

� k )�� k

(� k )2

1

A = �
ln

�
ck

i
� k

�

� k +
( �ci

� k �
��

� k )

� k .

The pro�le e� is a Pareto improvement of � if and only if
ln

�
ck

i
� k

�

� k �
( �ci

� k �
��

� k )�� k

(� k )2 . This reducesto ln
�

ck
i

� k

�
� �ci � ��

� k = �ci � ck
i

� k + ck
i � � k

� k + � k � ��
� k i.e. ck

i � � k

� k �

ln
�

ck
i

� k

�
+ �ci � ck

i
� k + � k � ��

� k � 0. We know that
�

ck
i

� k � 1
�

� ln
�

ck
i

� k

�
is always

positive for ck
i � � k and it is increasingin ck

i
� k , and it tends to in�nit y while

ck
i

� k tends to in�nit y. Whenever all ck
i are large comparedto � k and closeto

each other, or both ck
i and � k are closeto their meanswe have the required

inequality.

Corollary 7 If the gameis with n players such that for all k we haven �
� k � M k or the gameis with a continuum of players,and either all M k are
su�ciently large compared to � k and su�ciently closeto �M ; or both all M k

and � k are close to �M and �� , respectively, then in the gamewith i players
the pro�le e� is a Pareto improvementof the equilibrium pro�le � .

5 Social optimalit y

There are at least three possibleways of looking for socially optimal pro�les:
making every player behave asa singledecisionmaker - soleowner of the re-
source,maximizing certain social welfarefunction (e.g. the aggregatepayo� )
and enforcingthe optimal pro�le, or creating a possibility to cooperate.

In this paper we shall concentrate on the �rst two ways.
We canexpect that if all playersare identical, both solution conceptswill

lead to the sameresults.

5.1 Priv atisation

First we consideran abstract procedureof privatisation.
In the procedurewe distribute the resourceto the players,proportionally

to their measuresand make each player the only owner of his part of the
ecosystem. We assumethat all externalities, both negative and positive

12



are excluded. Formally, in this approach each player solves the dynamic
optimization problem: �nd a dynamic strategy D maximizing � ! (D ; D).

In such a situation instead of the i -player gamewe have i independent
decisionmaking problems.

The procedureof privatisation is usually possibleonly theoretically, since
it is impossibleto prevent �sh from migrating or keep pollutant only over
the factory which emitted it.

However, private property is usually regardedas ideal. Thereforeobtain-
ing by an actual procedureresults which are at least as good as they might
be if the private property were really introduced seemsa good notion of
e�ectiveness.

De�nition 2 A pro�le � is e�ective in the senseof property if for a.e. !
� ! (� ! ; U� ) � � ! (D ; D) for every strategy D of player ! .

What we can expect, is that we can obtain payo�s which are exactly as
good as the best payo� in the caseof private property, but a situation in
which someplayersobtain greaterpayo�s after introduction of a tax system
seemscounterintuitiv e. However, a similar conceptof e�ectivenesswas �rst
introducedin Wiszniewska-Matyszkiel2000aand 2001b. , wheretax-subsidy
systemswere considered. In those papers it was possibleto obtain pro�les
which were not only e�ective in the senseof property but also yielded after
tax-subsidy payo�s even greater than maximal payo� after privatisation.

Prop osition 8 a) If all playersare identical, then the pro�le e� is e�ective
in the senseof property.

b) The equilibrium pro�le � is not e�ective in the senseof property.

Pro of.
The proof is identical for �nite and in�nite number of players { i .
a) � ! (D ; D) is maximized by the strategy D(t; x) = c1

1 � x, which is the
strategy assignedto each player if the pro�le e� is chosen.

b) If all typesof players have identical ck
i , then it is implied by the fact

that � ! ( e� ! ; Ue� ) = � ! ( e� ! ; e� ! ) is greater than � ! (� ! ; U� ) = � ! (� ! ; � ! )
for all players.

If this is not true, then there exist a type k of players { therefore a set
of players of positive measure{ such that ck

i <
P K

l=1 cl
i � � l

i . For each player
! of this type k we have � ! (� ! ; � ! ) > � ! (� ! ; U� ), since the tra jectory
corresponding to � ! is for all t > 0 greaterthan the tra jectory corresponding
to U� .
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In the caseof more than onetype of players, the pro�le e� doesnot have
to be e�ective in the senseof property for gameswith number of players
greater than or equal to 2.

5.2 Social welfare approac h

In the social welfare approach we have an additional decisionmaker, called
social planner, whoseaim is to maximize so called social welfare function {
a function re
ecting well being of all players at a pro�le. The social welfare
approach is very controversial since taking di�erent social welfare function
may lead to di�erent results.

If all playersare identical (K = 1), the obvious form of the social welfare
function is the aggregatedpayo� i.e.

AP(�) =
Z


 i

+ 1Z

0

e� � 1 �t ln (� ! (t; X U� (t))) d� (t)d� (! ).

As wecanexpect, the pro�le e� is the only pro�le (up to the equivalenceof
open loop forms almost everywhere)maximizing the social welfare function:

Prop osition 9 If K = 1 then for every number of players i the pro�le e�
maximizesAP and if there is another pro�le � maximizing AP, then for a.e.
! , for a.e. t we have e� ! (t; X U e�

(t)) = � ! (t; X U� (t)) .

Pro of
In fact we have already proven that the pro�le e� maximizesAP in the-

orem 4. So it is enoughto prove the uniquenessup to equivalencealmost
everywhereof their open loop forms. Assumethat there is another pro�le �
maximizing AP and such that e� ! (t; X U e�

(t)) 6= � ! (t; X U� (t)) for t 2 T and
! 2 �
 and theseboth setsare of positive measure.

Since� and e� maximize AP, we have

R


 i

+ 1R

0
e� � 1 �t ln

�
e� ! (t; X U e�

(t))
�

d� (t)d� (! ) =
R


 i

+ 1R

0
e� � 1 �t ln (� ! (t; X U� (t))) d� (t)d� (! ).

We have the following equalities

AP(�) =
R


 i

+ 1R

0
e� � 1 �t ln (� ! (t; X U� (t))) d� (t)d� (! ) =

=
+ 1R

0

R


 i

e� � 1 �t ln (� ! (t; X U� (t))) d� (! )d� (t) (for �nitely many players this

fact is obvious, for a continuum of players it follows from the Fubini the-
orem) and, similarly,
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AP( e�) =
R


 i

+ 1R

0
e� � 1 �t ln

�
e� ! (t; X U e�

(t))
�

d� (t)d� (! ) =

=
+ 1R

0

R


 i

e� � 1 �t ln
�

e� ! (t; X U e�
(t))

�
d� (! )d� (t) =

+ 1R

0
e� � 1 �t ln

�
c1

1 � X U e�
(t)

�
d� (t)

(by the de�nition of the pro�le e�).
By the Jenseninequality,

AP(�) =
+ 1R

0

R


 i

e� � 1 �t ln (� ! (t; X U� (t))) d� (! )d� (t) �

�
+ 1R

0
e� � 1 �t ln

 
R


 i

� ! (t; X U� (t))d� (! )

!

d� (t) =

=
+ 1R

0
e� � 1 �t ln (U� (t; X U� (t))) d� (t).

Moreover, the inequality is strict whenever � ! (t; X U� (t)) 6= U� (t; X U� (t))
for t and ! in setsof positive measure.

Sincethe strategyde�ned by c1
1�X U e�

(t) maximizes
+ 1R

0
e� � 1 �t ln (D(t; X D (t))) d� (t),

we get AP(�) � AP( e� ) (with strict inequality whenever Ue� (t; X U e�
(t)) 6=

U� (t; X U� (t)) for t in a set of positive measure).
But both pro�les � and e� maximize aggregatedpayo�, which implies

AP( e�) = AP(�). Therefore � ! (t; X U� (t)) = Ue� (t; X U e�
(t)) for a.e. ! and

a.e. t.

For morethan onetypeof players,the pro�le e� doesnot haveto maximize
the aggregatedpayo�, but we still can de�ne a social welfare function of
similar form such that e� is the only (up to equivalencealmost everywhere)
pro�le for which the maximum is attained.

From now on, for simplicity of reasoning,we shall concentrate on �xed-
rate strategies.Weshall considerthe social welfarefunction beinga weighted
aggregateof payo�s.

Prop osition 10 Let us consider gameswith i players constituting k types
and the social welfare function of the form

WAP(�) =
R


 i

+ 1R

0
A ! � e� � ! �t ln (� ! (t; X U� (t))) d� (t)d� (! ), where A ! are any

positive numbers such that A ! = Ak for ! of type k and A i = (� i )2 � A for
somepositive number A. Then the pro�le e� maximizesWAP and if � is a
pro�le which also maximizesWAP, then � ! (t; X U� (t)) = e� ! (t; X U e�

(t)) for
a.e. t and a.e. ! .
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Pro of. For simplicity of notation, the proof will be for k = 2 (the proof for
k > 2 follows along the samelines). By calculations analogousto those for
one type of players,we �rst prove that in the classof �xed-rate pro�les (i.e.
such that � ! (t; X U� (t)) = s! � X U� (t)) such that for every type k we have
�s =

R


 k
i

s! d� (! ) = � k
i � sk for given sk , the maximum of WAP is attained for

s! = sk for a.e. ! of type k.
Thereforethe maximum of WAP is equal to maximum over the set of all

possible(s1; s2) of

A1� 1
i

+ 1R

0
e� � 1 �t ln

�
s1 � �x � e(r � �s)�t

�
d� (t)+ A2� 2

i

+ 1R

0
e� � 2 �t ln

�
s2 � �x � e(r � �s)�t

�
d� (t),

where �s = � 1
i s

1 + � 2
i s

2.

This sumis equalto A1� 1
i

�
ln s1

� 1 + ln �x
� 1 +

r � (� 1
i s1+ � 2

i s2)
( � 1)2

�
+ A2� 2

i

�
ln s2

� 2 + ln �x
� 2 +

r � (� 1
i s1+ � 2

i s2)
( � 2)2

�
,

therefore its maximum is obtained for s1 and s2 given by the equations
A 1 � 1

i
� 1 � 1

s1 = � 1
i

�
A 1 � 1

i

( � 1)2 + A 2 � 2
i

( � 2)2

�
and A 2 � 2

i
� 2 � 1

s2 = � 2
i

�
A 1 � 1

i

( � 1)2 + A 2 � 2
i

(� 2 )2

�
.

We get the optimal sk =
A k

� k

A 1 � 1
i

( � 1 )2 +
A 2� 2

i
( � 2 )2

. Now we calculate for what Ak

we have sk = � k . We solve the system of equations
A 1

� 1

A 1 � 1
i

( � 1 )2 +
A 2� 2

i
( � 2 )2

= � 1 and

A 2

� 2

A 1 � 1
i

( � 1 )2 +
A 2� 2

i
( � 2 )2

= � 2. By dividing the equations by sideswe get A 1

A 2 =
�

� 1

� 2

� 2
.

Let us take A i = (� i )2 � A. Any such pair of A i ful�lls the thesesystemof
equationssince� 1

i + � 2
i = 1.

5.3 Sustainabilit y and environmen tal targets

There is also another possibility for a social planner { to look for pro�les
which imply sustainability of the ecosystemor another environmental pol-
icy target. Such pro�les may be not Pareto optimal in the dynamic game.
However, they have one substantial advantage: in fact we do not know the
payo� functions accurately. In such a situation every social welfare function
de�ned on the basisof estimatesof players' payo� functions is misleading.
The mistakesmay lead to over- or under-exploitation, but there is no sym-
metry: moredangerousis the situation in which we have degenerationof the
ecosystemwhile the player would rather preserve it.

In various sustainability approaches we want the pro�le (in fact it is
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enoughto concentrate on its aggregateU� ) to be such that for every t we
have X U� (t) � �x (we want to preserve the system at a level which is as
good as at the beginning of the game)or X U� (t) � xmin , where xmin is the
minimal acceptablestate of the system(for somereasonsoutside the scope
of this paper). The latter assumptionsmay be required for all t (usually if
xmin � �x) or only for t > �t (if xmin > �x and we have sometime to improve
the state of the systemto the minimal acceptablelevel).

Remark 1 If �� < r �
KP

l=1
cl

i �
l
i and xmin � �x, then in the gamewith i players

the pro�le e� is sustainable(in the sensethat xmin � X U� (t) for all t) while
the equilibrium pro�le � is not sustainable(in the sensethat xmin > X U� (t)
for somet).

6 Enforcemen t

Whatever is the social welfarefunction andwhatever pro�le the social planner
regardsas optimal, there is a problem of enforcement.

In this paper we shall considerenforcement of the pro�le indicated by the
social planner by a systemof taxes (or environmental charges). In general
there may bealsocompensationsfor the players,who restrict their extraction
more than they should accordingto the social planner, but in this paper we
consideronly actual taxes.

The tax paid by player ! of type k at time t and state x will bea function
T k(t; x; s), wheres is the extraction rate. We modi�e the primary gameby
substracting the tax from the instantaneouspayo�.

In this paper we shall considerso called "linear tax" which is a�ne in
the extraction rate, i.e. T k(t; x; s) = � k(x) �

�
s � ak(t)

� +
, where ak is the

extraction rate assumedby the social planner. Obviously, ak � ck
i .

In somecase,becauseof legalor political correctnessreasons,the tax form
should be independent of k: such a tax systemwill be called anonymous.

Thesetaxesareonly regulatory, with no �scal meaning,thereforethe only
objective is to enforcesomesocially acceptablepro�le.

De�nition 3 A tax systemT is said to enforce a pro�le � if � is an equi-
librium in the gamemodi�e d by T.

A tax systemT is said to enforce an aggregateU if U is an aggregateof
an equilibrium in the gamemodi�e d by T.

Now we shall construct a tax systemsenforcingassumed�xed-rate pro�le
� ! (t; x) = ak �x (with ak � ck

i ) or assumed�xed-rate aggregateU(t; x) = �a�x
(with �a � ck

i for each type k).
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The calculation of such a tax systemin the caseof continuum of playersis
really simple and checking that they really enforcethe pro�le is alsosimple.

Prop osition 11 In the continuum of playersgame
a) everytax systemT k(t; x; s) = � k(x)�

�
s � ak

� +
with � k(x) � 1

ak enforces
� and no tax systemT k(t; x; s) = � k(x) �

�
s � ak

� +
with � k(x) < 1

ak for x
suchthat X � 1

U�
(x) is of positive measure doesenforce � .

b) everytax systemT k(t; x; s) = � (x) � (s � �a)+ with � (x) � 1
�a enforcesU

and no suchanonymoustax systemT k(t; x; s) = � (x) � (s � �a)+ with � (x) < 1
�a

for x suchthat X � 1
U�

(x) is of positive measure doesenforce U.

Pro of. It is an immediate consequenceof the decomposition theorem 1 of
2003c(in simpli�ed versioncited in the proof of theorem 2): the maximum
of the function ln(s � x) � T k(t; x; s) must be in ak or �a, respectively.

The calculation of a tax systemfor n players gameor even checking the
property of enforcingis not sosimpleeven if we restrict to �xed-rate pro�les.
Fortunately someresults calculatedfor continuum of playerscan be applied.

Prop osition 12 In the gamewith n players
a) every tax systemT k(t; x; s) = � k(x) �

�
s � ak

� +
with � k(x) � 1

ak for all
x enforces � .

b) every tax systemT k(t; x; s) = � (x) � (s � �a)+ with � (x) � 1
�a for all x

enforcesU.

Pro of. The instantaneouspayo�s in the modi�ed gamesare decreasingfor
s > ak (s > �a respectively) while the regenerationfunction of the systemis
decreasingin s given any x (which implies that the tra jectory corresponding
to s > ak is below the tra jectory corresponding to ak . Thereforethe payo�s
for any pro�le with s > ak (s > �a, respectively) are less than for � (U,
respectively):

Nevertheless,these results are only necessaryconditions for enforcing,
while for the continuum of playerswehavenecessaryandsu�cien t conditions.
Moreover, calculating the tax systemsfor the continuum-of-players caseis
much simpler than the techniquesthat should be usedfor gameswith �nite
number of players.

Prop osition 13 a) If the pro�le � ! (t; x) = ak � x is suchthat ak � � k , then
in the gamewith n playersevery tax systemT k(t; x; s) = � k �

�
s � ak

� +
with

constant � k � n�� k � ak

n�� k �ak enforces � .
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b) If the aggreate U� (t; x) = �a� x is suchthat �a � � k for all k, then in the
gamewith n playerseverytax systemT k(t; x; s) = � k � (s � �a)+ with constant
� k � n�� k � �a

n�� k ��a enforcesU� .

Pro of. a) We start by �nding player's best responceover a constraint class
of strategies: �xed-rate strategies.

We chooseone player ! of type k and we assumethat the aggregateof
the remaining players' strategiesis equal to C times the state while the rate
of the speci�ed player is s.

Then the payo� is equal to
+ 1R

0
e� � k t

�
ln

�
s � X s;C (t)

�
� � k �

�
s � ak

� +
�

d� (t) =

=
+ 1R

0
e� � k t

�
ln

�
s � �x � e(r � C� 1

n s)t
�

� � k �
�
s � ak

� +
�

dt =

= ln s+ln �x
� k + (r � C� 1

n �s)

(� k )2 �
+ 1R

0
e� � k t � k �

�
s � ak

� +
dt =

= ln s+ln �x
� k + (r � C� 1

n �s)

(� k )2 �
� k �(s� ak )+

� k .

If s � ak , then the payo� is equal ln s+ln �x
� !

+ (r � C� 1
n �s)

(� ! )2 , which is increasing

in s for s � ak (since ak � � k) therefore the maximum over this set will be
attained at s = ak (therefore in the maximum we will surely have s � ak).

If s � ak we have the after-tax payo�: ln s+ln �x
� k + (r � C� 1

n �s)

(� k )2 �
� k �(s� ak )

� k .

Now we calculate the optimal s � ak . We get 1
s�� k � 1

n�(� k )2 � � k

� k = 0:

Thereforees = n�� k

1+ n�� k �� k .
Sincewe want to have es � ak (then the optimum over the whole interval

will be at ak), we take n�� k

1+ n�� k �� k � ak , which leadsto � k � n�� k � ak

n�� k �ak .
The only thing to check is whether this optimum over the whole classof

strategiesis attained at a �xed-rate strategy with rate ak .

As in the proof of lemma 3, we de�ne V(x) = ln ak +ln x
� k + (r � C� 1

n �ak )

(� k )2 { the

optimal payo� over the �xed-rate strategiesand check whetherV is the value
function for our optimization.

We check the Bellman equation:

� kV(x) = sup
0� s� M !

ln(s � x) + V 0(x) � (r � C �
1
n

� s)

and the transversality condition lim t ! + 1 V(X (t)) � e� � ! �t = 0 for the
tra jectory corresponding to this choice of player ! . This can be made by
simple calculations.
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Thereforethe only best responce(up to t in a negligible set) of player !
to any �xed-rate strategiesof the remaining players is a �xed-rate strategy
with the rate ak . Thereforethe �xed-rate pro�le in which each player of type
k has the rate ak is an equilibrium in the gamemodi�ed by tax, which ends
this part of the proof.

b) Here the proof is analogousto that of a).

Let usnote that whenever the enforcedpro�le is a Pareto improvement of
the equilibrium pro�le, the payo�s after taxation for this pro�le are greater
than for the equilibrium pro�le for at least someplayersand at leastasgood
for a.e. player.

Remark 2 If all players are of the sametype 1, r > � 1 and a tax system
T1(t; x; s) = � 1(x) � (s � � 1)+ enforcesthe pro�le e� , then the payo�s resulting
from tax are Pareto optimal in the primary game,they are Pareto improve-
ment of the equilibrium pro�le � , they maximizeaggregated payo�, they are
e�ective in the senseof property and the behaviour of the players leads to
sustainableexploitation of the ecosystem.

7 Conclusion

In this paper we consideredgameswith �nitely many playersand their limit
gamewith continuum of players usedfor modelling exploitation of a renew-
able resource.

The gamewith continuum of players turns out to be good to model real
situations in which the number of players is large. In the gamesconsidered
the �xed rate equilibria in the continuum-of-players gameare the sameas
such equilibria in the gameswith a su�cien tly large �nite number of players.
However, the technique of calcutation is much simpler for the gamewith a
continuum players.

In both gamesthe equilibria are not Pareto optimal and somekind of
more "social" behaviour of the players has to be enforced(three ways of
interpreting the term "socially acceptable" are considered). In the game
with continuum of playerscalculating a tax systemenforcingsocially desired
behaviour is much simplerand the tax systemswhich enforcessuch behaviour
in the continuum-of-players game,enforcesit also in any gamewith �nitely
many players.

. . .

. . .
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