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1 Intro duction

The paper is dewted to modelling exploitation of a commonrenewable re-
sourceby large groupsof agens. A special focusis given to the problem of
an environmertal taxation systemenforcinga pro le beinga Pareto improve-
mert of the equilibrium solution or at leastful lling someervironmental or
sccial conditions.

We comparegametheoretic models of two kinds: gameswith a large but
nite number of players and gameswith a cortinuum of players.

In both gamesthe measureof the spaceof playersis normalisedin order
that the results obtained for both models could be compared.

In thesegames,the state of the systemX , describingthe amourt of the
available resource,changesin responseto the aggregateU of a prole
(which will be formally de ned in the sequel)of players' strategiesand the
behaviour of the systemis described by the regenerationequation X qt) =
rX(t) U (t; X(t)) with the initial condition X (0) = x > 0 (note that for
this regenerationequationit is impossibleto completely destroy the system
at any nite time i.e. X (t) is always positive, whatever the playerschoose).

There is a constraint on players' strategiesavailable at state x.

The payo of eat player is the integral over an in nite time interval of
his discounted instantaneouspayo s.

The full speci cation of the model is in section 2.

Thereis a large number of game-theoreticmodels describingexploitation
of commonrenewable resourcesstarted by Levhari and Mirman , cortinued
by e.g. Fisher and Mirman or papersin the volume edited by Carraro and
Filar . Most of them examinetwo player games. For a more exhaustiwe re-
viewsof suh modelsseee.g. Kaitala , or the author Wiszniewsla-Matyszkiel
2001aand 2003b

The gamesconsideredin this paper are good to model situations like
exploitation of high seas sheries. Similar models can be usedto descrite
emissionof greenhouseayasesor freones. The number of players increasing
to readh the cortinuum asthe limit casedoesnot re ect situations in which
additional shermen appearandjoin the existing setof players. In our models
all measuresn setsof playersare normed, and maximal available aggregates
arethe samein all games,and thereforejoint in uences of the playerson the
ecosystenmin all gamesare idertical.

Hereby increasingthe number of playerswe considernot additional play-
ers,but a more accurateway to descrike their behaviour: in eatcy gamewe in
fact have the samemassof shermen but we look at the processe®f decision
making as more or lesscertralized.



Toillustrate the gradual processof deceltralisation re ected by increasing
the number of players, we start by setting the number of playersequalto 1
(in general{ mankind asonedecisionmaker, in the caseof high seassheries
{ all independen shipstreated asone eet with oneleader),then we realize
that decisionsare not made by the abstract "mankind”, but the number of
decisionmakers s at least two, still abstract (e.g. North and South, better
or worseequipped shing eets). We candecompmsethe model further, into
cortinents, courtries, regions. The number of playersincreasesas we realize
that the decisionmaking processesre more deceitralized.

Finally we get to the actual decisionmakers (if we considere.g. emission
of greenhousegased executivesin rms or even ownersof small replaces,
while in the caseof shery { captains or owners of ships). The number of
sudh small playersis large enoughto make any singleplayer feelinsigni cant
{ negligible. A captain of a ship doesnot think that his decisioncanin uence
the dynamicsof the shery and therefore behavesin a myopic way. This is
not quite irrational { he is appraximately right, sincehis in uence is negli-
gibly small. Although the players are right only approximately, their beliefs
in uence their decisionprocesses.Obviously, aggregatedecisionsin uence
the dynamicsof the shery { they de ne it. This is alsoknown to eweryone.

We can sa that players either are irrational in their decision-making
processe®r beliewe that they constitute a cortinuum.

The best framework to deal with interactions among many players in
which we have simultanously negligiblity of single players and meaningful
aggregatesare gameswith a cortinuum of players. In sud gamesit is easy
to model the phenomenonof insigni cance { negligibility { of a single player
while "su cien tly many" players are not negligible. Gameswith a cortin-
uum of players (continuing the idea of Aumann 1964 and 1966 and Vind
concerningmarkets with cortinuum of traders) were de ned by Sdmeidler
and afterwards examinedin many paper (e.g. by Mas-Colell, Balder, Wiec-
zorek, Wieczorekand Wiszniewsla-Matyszkiel and Wiszniewsla-Matyszkiel
2000bwiszniewsk-99a).

Dynamic gameswith a cortinuum of players were not consideredfor a
long time. A generaltheory of sudhh gameswas deweloped by the author in
Wisnziewsla-Matyszkiel 2002a,2003c,2002band 2003a(with someapplica-
tions). There were also applications of sudr games: on modelling nancial
markets Wiszniewsla-Matyszkiel 2003a,2005b, and Karatzas, Shubik and
Sudderth, modelling electionsWiszniewsla-Matyszkiel 2002b,and esgecially
important from the point of view of this paper modelling exploitation of
common ecosystemsNiszniewsla-Matyszkiel 2001b, 2000b with focus also
on medanismsenforcingoptimality.

When we comparea dynamic gamewith a cortinuum of playerswith its
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courterpart with nitely many players, we canexpect a substartial changein

equilibria but alsosomeasymptotic behaviour asthe number of playerstends
to in nit y. In Wiszniewsla-Matyszkiel 2005athe author examineda discrete
time dynamic gamewith a cortinuum of players and its courterpart with

nitely many playersin which playerswereableto destroy the systemat any

stageof the game(which wasrepreseted by X (t) = 0). The extraction rates
in constart rate symmetric equilibria of nite player gamestended to the

extraction rate of a symmetric constart rate equilibrium in the cortinuum-

of-players game. Newertheless,there was a substartial di erence: in games
with nitely many playersthe systemwasnot destroyedin dynamic equilibria
{ X (t) wasalways positive { while for the gamewith a cortinuum of players
no pro le with this property was an equilibrium. This is not the casein this

paper: the players are unable to destroy the systemat any nite time and
at equilibrium players can have the sameextraction ratesin both nite and
cortinuum of players games.Newertheless,evenin sud a casethe technique
of calculating equilibria as well as meansenforcing sccially desiredpro les

essetially changes.Moreover, it is much simplerin the caseof a cortinuum

of players.

The paper is constructed as follows. In section 2 both gamesare for-
mulated: with n players and with a cortinuum of players (denoted by 1 ).
Equilibria are calculated for gameswithout enforcemen in section 3 and
their suboptimality is proven in section4. The problem of choice of sccially
desired behaviour is examinedin detail in section5, while the problem of
enforcemen is consideredin section6.

2 Formulation of the model

In orderto make the gamescomparable we considersetsof players ; (where

i = n for n-player gamesand i = 1 for the continuum-of-players game) as

subsetsof the unit interval [0;1]. The measureon the set of players ,

is normed and uniform (i.e. (') = % for! 2 ). The measureon
1 = [0;1], denotedby , , is the Lebesguemeasureon [0; 1].

We assumethat there are only K typesof players i.e. the unit interval is
divided into disjoint sub-intervals|¥ sud that all playersfrom 1¥ areidertical,
i.e. all parametersde ning players (listed belov - with subscript ;) are
identical for playersfrom the samel*. The typeindexwill be always denoted
as a superscript. The set of players of type k in the i-player game (with i
positive integer or in nit y) is assumedo be measurableand its measurewill
be denotedby K. Weassumethat k! & asn tendsto innity.



In both gamesthe set of static strategiesis R, , the set of decisionsavail-
able to the playersis generallyalsoR., but at state x, player! can choose
only decisionsfrom the set of decisions available at x which is equal to
[O;M, Xx] (where M, are assumedto be large). For players of type k we
have M, = MK. The symbol M will denotethe aggregateof constrairts M

, : R
of the playersin the cortinuum of playerscase:M = M!' | .

The gameis played in a systemwith the set of plolssiblestates R: and
the initial stateis x > 0.

A (dynamic) strategy of player ! is any Lebesgue-measurabléunction
D : Ry R: ! R; which is Lipschitz in the secondargumert with a
constart L (without lossof generality the samefor all typesof players) and
sudthat foralltandx D(t;x) M, x. The rst argumert represets time,
the second{ the state of the systemand the condition meansthat D (t; x) is
in the set of decisionsavailable at x.

A dynamicprole isameasurablgunction from the product of the sets

of players,time and statesinto the setof static strategies : ;| Ry R;!

R., which will be written as  (t; x), sud that for a.e. player! (;)
is a dynamic strategy of player ! . The aggregateU :R. R.! R, of
aprole isdenedby U (t;x)=  (t;x)d (') (which in the caseof

nitely many playersis the average).

The form of players' strategiesallowsfor arbitrary measurabledependence
on state and time. Howewer, we sometimesalso assumethat playersrestrict
only to xed rate strategies(i.e. sud that , (t;x) = ¢ x). We shall prove
that there exist pro les of suc form which are equilibria over the whole class
of dynamic pro les aswell aspro les of sucd form which are Pareto optimal
over the whole classof dynamic pro les. In someaspects, for simplicity of
further reasoning,we shall restrict our attention only to xed rate pro les.

The time setis [0;+1 ), and during the gamethe state of the system
changesn responseto the aggregateJ of players' strategiespro le  acord-
ing to the regenerationequation X {t) = rX (t) U (t; X (t)) with the initial
condition X (0) = x. The trajectory correspnding to any pro le of the ag-
gregateU (such an absolutely cortinuous trajectory exists and is unique
sinceU is measurableand boundedand Lipschitz with respect to the state
variable asthe averageof functions which are Lipschitz with the constart L)
will be denotedby X .

The usualform of the pro le is of extendedclosedloop type, but we shall
alsoneedan open loop form of pro les: for a prole , the openloop form
of isafunction ©b\ sudithat P-(t)= ,(t;Xy (t)) foralltand!.

The instantaneouspayo for a decisiond is In d (for simplicity of notation
wetakeln0= 1 ).



The logarithmic instantaneouspayo function wasused,asin e.g. Levhari
and Mirman or Fisher and Mirman in order to emphasizethe fact that the
resourceconsideredis the basisof the existenceof the saciety of their users
{ the lossof utilit y resulting from not extracting at all for even a very short
period cannot be compensatedby any, arbitrarily large extraction levelsover
the rest of the time interval.

The payo foradynamicprole isequalto the instantaneouspayo dis-

R
courted andintegratedovertime: ,( ;U )= e 'tIn( . (t; Xy (1) d (1),

0
where denotesthe Lebesguemeasureon R, and , > 0 is the discoun
rate of player ! , while * { of typek (. = * whenewer player ! is of type
K).
We assumethat , are small comparedto M, , i.e. max 1 << m|n M .

By we shall denotethe aggregatediscourt rate in the cortln uum of players
R

case = b
1=1

3 Equilibria

The mostimportant notion in a noncooperative gameis equilibrium. We shall
considera Nash equilibrium. Here we give a de nition of Nash equilibrium
valid both for gameswith n and 1 of players.

De nition 1 A dynamicprole is a Nashequilibrium in the gamewith i

playersif for a.e.! 2 ; and everydynamic strategy D of player! we have
(3 U) 1 (D;U o), whee P isaprole de ned bythe condition

foralltandx P¥(t;x)=D(t;x) and P*(t;x)= (t;x)forall 6!.

Let us note that in the caseof nitely-man y-players gamesthis de nition
isequivalert to the standardde nition of Nashequilibrium, sincethe measure
of ead player is greaterthan 0.

Theorem 1 There existsa dynamicequlibrium  in the n-player gamesuch
that for players of type k we have , (x;t) = & x for all t and x, whee
¢ = min( ¥ n;MX). It is the only constantrate pro le being an equilibrium.

Theorem 2 For gameswith a continuum of playersthere existsa dynamic
equlibrium ~ suchthat for | (x;t) = ¢ x for everyplayer! of type k, for
all k, t and x, whee ¢ = MX. It is the only equilbrium (up to t and! in a
negligible set).



The symbol ¢§ instead of M* is usedfor uniformity of notation.

Note that ¢ ¢ andc! ¢ asn tendsto in nit y. Therefore,in this
example,the gamewith a cortinuum of players can be regardedas a good
approximation of situation with many (but nitely many players). For large
n we have ¢k = & = M¥, and thereforethe equilibria in n-players games
are the sameas in the cortinuum of players game (unlike in the discrete
time gamesfrom Wiszniewsla-Matyszkiel 2005a). Howeer, the medanism
of calculating theseequilibria essetially di ers (seethe proofs).

In order to prove theorem 1, we shall needthe following lemma:

Lemma 3 Let us considerthe n-player gameand the bestrespnseof player
I' of type k to somestrategiesof the remaining players. Assumethat the sum
of decisions of the remaining playersweightel by their measuresat any time
is of the form C x for everystatex and a.e. time t. Then there existsa best
respnee of player! givenby D(t;x) = ¢k x for ¢ = min( ¥ n;M¥X). This
best respnseis unique up to t in a negligible set if we consider open-loop
forms of players’ strategies.

Pro of (of lemma3)
R
Player! facesthe maximizationproblemmax e 'tIn D(t; XPC(t)) d

0

with the constrairt D (t; XP:¢(t)) Mk XP:€(t), whereX P:C isatrajectory
of the systemgiven by the equationX {t) = r X (t) % D(t; X(t)) C X(t)
with the initial condition X (0) = x.

This is equivalert to Xqt) = (r C) X(t) % D(t; X (t)).

First, we shall nd an optimal solution over a smaller set of available
strategiesof player ! : constart rate strategiesD (t; x) = s X.
On this classof cortrol functions, for rate s the behaviour equation hasthe
form Xqt) = (r C % s) X(t), which leadsto the trajectory X (t) =
x er C L) t

. R .
Therefore,the relatedpayo is e 'f'In s x € € a9t d ()=
0

R 1
= e ''Ins+inx+(r C L gt dt=lstx, (C 2 3,
0 ! I

The rst order condition for optimal s is & - (1' -z = 0, which implies
s=n ,. The payo function is obviously concae, therefore, if the rst
order conditions are ful lled forn M, , then this point is the unique
maximum. In the opposite casethe maximum is obtainedat M, . Thesetwo
conditions give us cX.

Now let us substitute the obtained rate cX into the payo function. We

get a function V of the initial state being the optimal payo over the con-
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Inck+in x , (r C

1k
strained classof cortrol functions: V(x) = . + % %) Note that

V is cortinuosly di erentiable for x > 0, while x = 0 cannot be readed from
any positive initial condition. Therefore, in order to chedk whether ¢k x
de nes a cortrol which is globally optimal it is enoughto chedk whether V
ful lls the Bellman equationwith transversality condition at in nit y (for suf-
ciency of sud a condition seee.g. Zabczyk 1991or 1992. In our case:

1 V(X) = SUpy g m, x IN(A)+VIX) (r C) x % , Which is obvi-
ously ful lled and the suprenum at the right-hand-side of the equation is
obtained for d = ¢ x.

The transversality conditionislimy +1 V(X (t)) e ' '= 0forthe trajectory
correspnding to this choice of player ! , which is alsoful lled.
ThereforeD(t; x) = ¢ X is a bestresponseto any pro le of decisionsof
the remaining players which has constan rate average.
To prove the uniquenesswve rst assumethat there exists another opti-
mal cortrol function whoseopen-loop form BOL diers from the open-loop

form D°" of D on a nonnegligibleset. Let us denotethe optimal payo by
opt

We considera cortrol function B with the open loop form ful ling B°t =
%50L+ 1O, Becausefthe concavity ofthe logarithm wegetin B t; X®C(t) >

+1in B £XPC(t) ,ie.ln B () >1in DO (t) +

=7
Ol
—
x
ol
O
—~
—+
~

Nl NI

In B°L (t) . Sincethis strict inequality is on a nonnegligibleset and out-
side this set we have equality, then the payo for B ful lls

R e '‘In BO-(t) d (t) > R e '' 2In D% () + in BOY (1) d (1) =
0 0

L opty 1 ont which cortradicts the optimality of D and . m

Pro of (of theorem 1)

It is an immediate consequencef lemma3. ®

Pro of (of theorem 2)

In this paper we can use one of so-calleddecompsition theoremscon-
cerning dynamic gameswith cortinuum of players with state of the system
changingin responceto a statistic of a pro le (a generalizationof usual ag-
gregate{ an integral of a measurablefunction composedwith the graph of
the prole): sud decompsition theoremsfor gameswith cortinuous time
are in Wiszniewsla-Matyszkiel 2001b, 2000aand 2002abut only for open
loop strategies, while for strategiesde ned as a function of time and state
we have a compound theorem1 of Wiszniewsla-Matyszkiel 2003cconcerning
stochastic games.We shall not quote this theorembecauseof its complexity.
Using this theoremfor our simple gamewe get two results:



1) (from point b of cited theorem) every dynamic pro le consisting of
equilibria in static gamesis a dynamic equilibrium.

2) (from point e or f) every dynamic equilibrium consistsof equilibria in
static games.

In all static gamesat xed time t and state x with x > 0 we have only
oneequilibrium (up to ! in anegligibleset) { ead player extractsall: M, x,
sincefor every player ! his only best responseto any pro le of decisionsof
the remaining playersis given by Argmaxy y, xInd=fM, xg. m

4  Suboptimalit y of equilibria

Nash equilibria are usually not Pareto optimal. We have sud a situation
in this paper. In the caseof identical playersit is easyto indicate a Pareto
optimal pro le, which is better for all players{ this is the pro le in which all
players behave asif eat of them were the only userof the ecosystem.

Theorem 4 I1f 2 n +1 andall playersare identical, thena prole €
dened by €, (t;x) = ¢ x is better for every player then the equilibrium
prole ,(t;x) = ¢ x. Moreover, € is Pareto optimal and maximizesthe

aggegate payo .

Pro of
First we shall considergameswith nitely many players. Let us calculate
payo s for both pro les.

R R )
((8;Ue)= e 'tin e (t Xy, (1) d ()= e ‘tin L Dty dt=

0 0
1

1)2'
Now we shall calculate the payo for the equilibrium prole assuming
thatn 1 ML

_ R _ R .
(U= e ttn T (EXe) d @)= e "tinon 1grnht dgi=

— Int? r
— 1_{_Inlx_i_

0 0
_ | 1 l_ | 1 1 1 1
—m—1”+"—1+m—1x+ﬁ—r(?) —m—1”+”—1+_m—1x+[l)z (n(l))z
Thereforewe have | (€,;Ue) ( ;U )= 0D 005 gforn> 1.

_ R
fn 1>M%then ( ,;U)= e 'tIn M! & MOt x dt=
0

M1 1
= nx = +_In1+|n_x+r1 TV

— Inm1? r m? nx
T +(1)2+ T T T T (1)2 (1)2

_ Ml gy gp M2
Thereforewe have | (€,;Us) (" 1;U-) = $>Osince

by assumption M- > 1.



_ R
Foracortinuumofplayers ,( ;U-)= e 'tin M! f MOt x dt=
0
1 1 In M7 1 1 (Ml 1yt
:|nl\{l +|n_1x+r(l\;Iz: _11_ +In—1+|n_1x+[1)2 _1(_1)2

!(e!;Ue) !(_!;U*)>0.
Now we shall prove that € maximizesthe aggregatepayo :
RR | RR |
e 'In € ( Xy, (1) d(t)d (') e 'In( . (tXy () d (H)d ()
i 0 i 0
for every prole .
We have the following equality

R RR
e 'In( ,(tEXy (1))d (t)d (1) = e 'In(  (tEXy (1)d (1)d (b)

i O 0
(for nitely many players this fact is obvious, for a cortinuum of players it
follows from the Fubini theorem).

By the Jenseninequality, I
R R

, thereforealso

. R R '
e 'In( . (EXy (1)) d (M)d (t) e 'In PG Xy (t)d () d ()=

0 0 i

R N R N N
e 'In(U (Xy (1) d (1) e tIn e It x d(t)= (€ ;Ue),
0 0

which endsthe proof that € maximizesthe aggregatedpayo .

Since € maximizesthe aggregatepayo, it hasto be Pareto optimal: if
it werenot, then the aggregatedpayo of a Pareto improvemert of € would
be greaterthan for €. W

If the playersare not idertical, the pro le € doesnot have to be a Pareto
improvemern of the equilibrium pro le. Newertheless,it sometimesis:

Theorem 5 a) If n is largeenoughandfor all typesn ¥ M thenapro le
€ dened by €, (t;x) = & x is better for every player than the equilibrium
prole dened by | (t;x)=c x for! of typek.

b) Let us take any positive integer | > 1. If maxey..x K 1
ming=1..« < thenfor all n | suchthat for all typesn X Mk aprole
€ is better for every player then the equilibrium prole | (t; x).

c) The prole € is alwayshbetter for at least one type of playersthan .

Pro of
Let us calculate payo s for both pro les.

R R
1 (B1;Ue)= e 'tIn € (5 Xy, (1) d(t)= e "tin k&)t x dt=
0 0

rR
= %+ Inx + I __ (where denotesthe averagediscourt rate = ).

(%) i1 "
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Now we shall calculate the payo for the equilibrium prole assuming
that n kX MK for every type k:

_ R _ R
(U= e ttn T (EXe) d @)= e “tinn ke nityx dgr=

0 0
:M+M+|n_x+rnzﬂ+n_k+r (n_1)
k k k 2 k k 2 2 -
(") (%) (")
— (n 1)
Thereforewehave | (€,;Ues) ( ;U-)= hn (0 k1)2 = —
(“) (“)
Inn —
n =
_(n 1) K Inn (n 1)

B = —— In This is greater than 0 if and only if

(n 1) — > Inn. We have this inequality for every n and for every type k
of playerswho are not more impatient than the average(then 1)

a) The function % is strictly decreasingand it tendsto 0. Thereforefor

.....

have '”—”1 < ming=1 -k %, Which meansthat the prole € is better for every

n 1 T RK=4,.
player than .
b) Sincethe function (n 1)  Innisstrictly increasingfor every xed

value of the ratio +, we can ched for which value of this ratio the function
is positive for all n I: we substitute n by I. Weget(l 1) = Inl> 0,

which implies « > H This holds for ewery distribution on typeswheneer

man=l;:::;K k I|n_|l rnink=1;:::;K k-
c) In any casethere exists a type k sud that that * . As we have
proven, for playersof this typewe alwayshave , (€,;Ue) ( ;U-) > 0.

Theorem 6 If for all k either ¢ are su ciently large compared to * and

R
suciently closetoc = d !; or bothck and * are su ciently closeto ¢
1=1

and , resctively, then in the gamewith i playersthe prole € is a Pareto
improvementof the equilibrium pro le

Pro of
We comparethe payo s for thesetwo pro les:
R
Wehave (€ ;Ue)= e ''In & ( Xy (1) d ()=
0
= e “tn Kk gr )t x dt:%+'”—kx+ﬁ(’k).
0
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_ R .
(U = e 'In ¢ e et xdt:w.;.ln_kx_l_(rqu_
0
Wecomparethq)payos andget (€,;Ue) !i_!;U—):
A

k
:¥+r @

( k)2 k

S
In -

In k
+ "4

— . L
The prole € is a Pareto improvement of if and only if v
(% <) - . ’ . ok ok ko kL kK
%. This reducesto In & & =994+ 5 4 © je &
k .ok k k k .
In & + S5+ — 0. Weknowthat & 1 In & is always

positive for & X and it is increasingin % and it tendsto in nit y while

k
% tends to in nit y. Wheneer all ¢ are large comparedto ¥ and closeto

eadt other, or both ¢ and * are closeto their meanswe have the required
inequality. |

Corollary 7 If the gameis with n playerssuchthat for all k we haven

k- MK or the gameis with a continuum of players, and either all M are
su ciently large compared to “ and su ciently closeto M ; or both all M ¥
and ¥ are closeto M and , respctively, then in the gamewith i players
the pro le € is a Pareto improvementof the equilibrium prole . m

5 Social optimalit vy

There are at leastthree possibleways of looking for sacially optimal pro les:
making every player behave asa singledecisionmaker - soleowner of the re-
source,maximizing certain sacial welfarefunction (e.g. the aggregatepayo )
and enforcingthe optimal pro le, or creating a possibility to cooperate.

In this paper we shall concerrate on the rst two ways.

We canexpect that if all playersareidertical, both solution conceptswill
lead to the sameresults.

5.1 Priv atisation

First we consideran abstract procedureof privatisation.

In the procedurewe distribute the resourceto the players, proportionally
to their measuresand make ead player the only owner of his part of the
ecosystem. We assumethat all externalities, both negative and positive
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are excluded. Formally, in this approat ead player solves the dynamic
optimization problem: nd a dynamic strategy D maximizing , (D;D).

In sudh a situation instead of the i-player gamewe have i independen
decisionmaking problems.

The procedureof privatisation is usually possibleonly theoretically, since
it is impossibleto prevert sh from migrating or keep pollutant only over
the factory which emitted it.

Howe\er, private property is usually regardedasideal. Therefore obtain-
ing by an actual procedureresults which are at least as good as they might
be if the private property were really introduced seemsa good notion of
e ectiveness.

De nition 2 A prole is e ective in the senseof property if for a.e. !
(0, U) 1 (D; D) for everystrategy D of player! .

What we can expect, is that we can obtain payo s which are exactly as
good as the best payo in the caseof private property, but a situation in
which someplayersobtain greaterpayo s after introduction of a tax system
seemscourterintuitiv e. Howewer, a similar conceptof e ectivenesswas rst
introducedin Wiszniewsla-Matyszkiel 2000aand 2001b., wheretax-subsidy
systemswere considered. In those papers it was possibleto obtain pro les
which were not only e ective in the senseof property but alsoyielded after
tax-subsidy payo s ewen greaterthan maximal payo after privatisation.

Prop osition 8 a) If all playersare identical, then the prole € is e ective
in the senseof property. o
b) The equilibrium prole is not e ective in the senseof property.

Pro of.

The proof is idertical for nite and in nite number of players{ i.

a) (D;D) is maximized by the strategy D(t; x) = ¢l X, which is the
strategy assignedto ead player if the prole € is chosen.

b) If all typesof players have idertical c¥, then it is implied by the fact
that | (€,;Ue) = (8 ;€ )isgreaterthan ,( ;U-)= ( ; 1)
for all players.

If this is not true, then there exist a type kaf players { therefore a set
of players of positive measure{ sud that << %, ¢ |. For eat player
I of this typek we have ,( ,; ) > ( :;U>), sincethe trajectory
correspndingto , isfor all t > O greaterthan the trajectory correspnding
to U—.

|
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In the caseof more than onetype of players,the prole € doesnot have
to be e ective in the senseof property for gameswith number of players
greaterthan or equalto 2.

5.2 Social welfare approach

In the sacial welfare approad we have an additional decisionmaker, called
sccial planner, whoseaim is to maximize so called sacial welfare function {
a function re ecting well being of all playersat a pro le. The sccial welfare
approad is very cortroversial sincetaking di erent social welfare function
may leadto di erent results.

If all playersareidertical (K = 1), the obvious form of the sccial welfare
function is the aggregatedpayo i.e.

Z Z1
AP() = e "'In( (X () d (B)d ().

i 0

As we canexpect, the pro le € isthe only pro le (up to the equivalenceof
open loop forms almost everywhere) maximizing the social welfare function:

Prop osition 9 If K = 1 then for every numker of playersi the prole €
maximizesAP and if there is anotherprole  maximizing AP, thenfor a.e.
I, for a.e.t wehave €, (t; Xy, (1)) = 1 (t; Xy (1)).

Pro of

In fact we have already proven that the prole € maximizesAP in the-
orem4. Soit is enoughto prove the uniquenessup to equivalencealmost
everywhereof their openloop forms. Assumethat there is another pro le
maximizing AP and sud that €, (t; Xy, (t)) 6  (t; Xy (t) fort 2 T and
I 2 andtheseboth setsare of positive measure.

Since and € maximize AP, we have

RR | RR |
e 'In & (t Xy, (1) dt)d ()= e ‘In( (tEXy ())d Dd ().
Weohavethe following equalities 0

RR
AP() = e 'In( . (EXy (1)d (Hd (M) =

i 0
RR
= e 'In( ,(tXy (1)) d (!)d (t) (for nitely many players this
0
fact is obvious, for a continuum of players it follows from the Fubini the-
orem) and, similarly,

14



RR
AP(§ = e "t € (tXy, (1) d(d (1) =

i 0

RR R
= e 'In €& (t; Xy, () d()d (t)= e 'In ¢ Xy, (t) d(t)

0 0
(by the de nition of the prole §.

By the Jenseninequality,

RR
AP() = e ‘'In( (tEXy ()d (1)d (1)
0 i |

R , R
e ‘'In V(B Xy ()d (1) d (1) =

0 i
R
= e (U (tXy () d ()

0
Moreover, the inequality is strict whenewer  (t; Xy (t)) 6 U (t; Xy (1))
fort and! in setsof positive measure.

R
Sincethe strategy de ned by ¢} Xy, (t) maximizes e 'In(D(t; Xp(t))) d (),
0

we get AP() AP(€) (with strict inequality wheneer U, (t; Xy, (t)) 6
U (t; Xy (1)) for t in a set of positive measure).

But both proles and € maximize aggregatedpayo, which implies
AP(§ = AP(). Therefore ,(t; Xy (1)) = Ue(t; Xy, (t)) for a.e. ! and
a.e.t.

|

For morethan onetype of players,the pro le € doesnot haveto maximize
the aggregatedpayo, but we still can de ne a sccial welfare function of
similar form sud that € is the only (up to equivalencealmost everywhere)
pro le for which the maximum is attained.

From now on, for simplicity of reasoning,we shall conceitrate on xed-
rate strategies. We shall considerthe sccial welfarefunction beinga weighed
aggregateof payo s.

Prop osition 10 Let us consider gameswith i players constituting k types
and the sccial welfare function of the form
RR
WAP() = A e "tin(  (tXy (0)d (t)d (1), whee A, are any
i 0
positive numkers suchthat A, = Ak for ! of type k and Al = ( )* A for
somepositive numker A. Then the prole € maximizesWAP andif isa
pro le which also maximizesWAP, then | (t; Xy (1)) = €, (t; Xy, (t)) for
ae.tandae.!.
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Pro of. For simplicity of notation, the proof will be for k = 2 (the proof for
k > 2 follows along the samelines). By calculations analogousto those for
onetype of players,we rst prove that in the classof xed-rate pro les (i.e.
sudhghat | (t; Xy (1)) = s Xy (1)) sud that for ewery type k we have

s= sd (!)= Kk s forgivensk, the maximum of WAP is attained for
k

s, = s¢for a.e.! oftypek.
Thereforethe maximum of WAP is equalto maximum over the set of all
possible(st; s?) of
R R,
Al e "tin st x € 9t d(t)+A22 e “tiIn s2 x e It d (1),
0 0
wheres = 1st+ 252,
1gl4 izsz)

This sumisequalto A> 1 st 4 x4 r ( '( =

therefore its maximum is obtained for s' and s? given by the equations

2 2 Ins? In x r (i151+ i252)
+A° —2+_2+T ,

APy 1 AL AE gy g AP A
T oa T 0 gty andT g = gty
Ak
We get the optimal s = . Now we calculate for what AX
(H* (2
Al
we have s = K. We sole the system of equations -v— >~ = * and
(7" (7
% . . : . L 2
AT AZ7 2. By dividing the equationsby sideswe get % = =

(D2 (??
Let us take Al = ( 1)> A. Any sud pair of Al fullls the these system of
equationssince 1+ 2= 1.

|

5.3 Sustainabilit y and environmen tal targets

There is also another possibility for a sccial planner { to look for pro les
which imply sustainability of the ecosystemor another ervironmental pol-
icy target. Sud pro les may be not Pareto optimal in the dynamic game.
Howewer, they have one substartial advantage: in fact we do not know the
payo functions accurately In sud a situation every sccial welfare function
de ned on the basis of estimatesof players' payo functions is misleading.
The mistakesmay lead to over- or under-exploitation, but there is no sym-
metry: more dangerouss the situation in which we have degenerationof the
ecosystemwhile the player would rather presene it.

In various sustainability approates we want the prole (in fact it is
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enoughto concelirate on its aggregateU ) to be sud that for every t we
have Xy (t) X (we want to presene the systemat a level which is as
good as at the beginning of the game)or Xy (t)  Xmin, Where Xmi, is the
minimal acceptablestate of the system (for somereasonsoutside the scope
of this paper). The latter assumptionsmay be required for all t (usually if
Xmin  X) oronly fort > t (if Xn, > X and we have sometime to improve
the state of the systemto the minimal acceptablelevel).

R
Remark 1 If < d landXmin X, thenin the gamewith i players
=1

theprole € is sustairEbIe(in the sensethat x,in Xy (t) for all t) while
the equilibrium prole  is not sustainable(in the sensethat X, > Xy (t)
for somet). B

6 Enforcemen t

Whatever is the sccial welfarefunction and whatewver pro le the sccial planner
regardsas optimal, there is a problem of enforcemen

In this paper we shall considerenforcemen of the pro le indicated by the
sacial planner by a system of taxes (or ervironmental charges). In general
there may be alsocompensationsfor the players,who restrict their extraction
more than they should accordingto the sccial planner, but in this paper we
consideronly actual taxes.

The tax paid by player! of typek at time t and state x will be a function
TK(t; x; s), wheres is the extraction rate. We modi e the primary gameby
substracting the tax from the instantaneouspayo .

In this paper we shall considerso called "linear tax" which is ane in
the extraction rate, i.e. TX(t;x;s) = X(x) s a(t) =, whereak is the
extraction rate assumedby the social planner. Obviously, a¢ ¢,

In somecase becauseoflegalor political correctnesgeasonsthe tax form
should be independent of k: sut a tax systemwill be called anonymous

Thesetaxesare only regulatory, with no scal meaning,thereforethe only
objective is to enforcesomesccially acceptablepro le.

De nition 3 A tax systemT is saidto enforcea prole if is an equi-
librium in the gamemadied by T.

A tax systemT is said to enforce an aggegate U if U is an aggegate of
an equilibrium in the gamemaodied by T.

Now we shall construct a tax systemsenforcingassumedxed-rate pro le
(tx) = @ x (with a ) or assumedxed-rate aggregateU(t; x) = a x
(with a ¢ for eadh type k).
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The calculation of sud a tax systemin the caseof cortinuum of playersis
really simple and cheding that they really enforcethe pro le is alsosimple.

Prop osition 11 In the continuum of playersgame

a) everytax systemT*(t; x;s) = ¥(x) s a " with ¥(x) 2 enforces

and no tax systemTK(t; x;s) = K(x) s a¥ " with ¥(x) < - for x
suchthat X ,*(x) is of positive measure does enforce

b) everytax systemT*(t;x;s) = (x) (s a)" with (x) I enforcesU
and no suchanonymoustax systemTX(t; x;s) = (X) (s a)" with (x) < %
for x suchthat Xul(x) is of positive measure does enforce U.

Pro of. It is an immediate consequence®f the decompmsition theorem 1 of
2003c(in simpli ed versioncited in the proof of theorem 2): the maximum
of the function In(s x)  TX(t; x; s) must bein a or a, respectively.

|

The calculation of a tax systemfor n players gameor even cheking the
property of enforcingis not sosimple evenif we restrict to xed-rate pro les.
Fortunately someresults calculatedfor cortinuum of players can be applied.

Prop osition 12 In the gamewith n players

a) everytax systemTK(; x;8) = *(x) s a " with ¥(x) 2 forall
x enforces

b) everytax systemTX(t;x;s) = (x) (s @ with (x) 1 forall x
enforces U.

Pro of. The instantaneouspayo s in the modi ed gamesare decreasingfor
s> a“ (s> a respectively) while the regenerationfunction of the systemis
decreasingn s given any x (which implies that the trajectory correspnding
to s> a* is below the trajectory correspnding to a¢. Thereforethe payo s
for any prole with s > a¢ (s > a, respectively) are lessthan for (U,
respectively):

|

Newertheless,these results are only necessaryconditions for enforcing,
while for the cortinuum of playerswe have necessarynd su cien t conditions.
Moreover, calculating the tax systemsfor the cortinuum-of-players caseis
much simpler than the techniquesthat should be usedfor gameswith nite
number of players.

Prop osition 13 a) If theprole | (t;x) = a x is suchthat a X, then
in the gamewith n playerseverytax systemTX(t;x;s) = K s ak * with

k k
constant ¥ "2 enforces
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b) If the aggeate U (t;x) = a x is suchthata X for all k, thenin the
gamewith n playerseverytax systemTX(t;x;s) = ¥ (s a)" with constant

k
k12 enforcesU .

Pro of. a) We start by nding player's bestresponceover a constrairt class
of strategies: xed-rate strategies.

We chooseone player ! of type k and we assumethat the aggregateof
the remaining players' strategiesis equalto C times the state while the rate
of the speci ed player is s.

Then the payo is equalto

e ““Ins XSC(t) Kk s a " d(@)=
0
R 1
= e "t n s x elr € a9 k g a7’ dt=
0
_Ins+|nx+(rC%S) +Re Kt k S a"+dt—
= | ) =
(%) 0
— Instn x o (rc ly k(s kak)

- k ( k)2
1 L .

If s ak, then the payo is equal2stnx + S (C' 2 *) which is increasing
insfors a (sincea“ k) thereforethe maximum over this set will be

attained at s = a¥ (thereforein the maximum we will surely haves aX).

If s a we have the after-tax payo: nsthx 4 ( (Ck)gi 9 (Sk “).
Now we calculate the optimal s a*. We get ¢ - (1k)2 =0
k
Thereforeg = 7.

Sincewe wart to haves a* (then the optimum over the whole interval
will be at a¥), we take % a*, which leadsto * < :‘kk.

The only thing to ched is whether this optimum over the whole classof
strategiesis attained at a xed-rate strategy with rate a®.

1 .k
As in the proof of lemma3, we de ne V(x) = nanx 4 ¢ Ck 2 %) { the

optimal payo overthe xed-rate strategiesand chedk whetherV is the value
function for our optimization.
We ched the Bellman equation:

kV(x)= sup In(s x)+Vqx) (r C 1 s)
0 s M! n
and the transversality condition limy +1 V(X (t)) e '' = 0 for the
trajectory correspnding to this choice of player ! . This can be made by

simple calculations.
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Thereforethe only bestresponce(up to t in a negligible set) of player !
to any xed-rate strategiesof the remaining playersis a xed-rate strategy
with the rate a¥. Thereforethe xed-rate pro le in which eat player of type
k hasthe rate a* is an equilibrium in the gamemodi ed by tax, which ends
this part of the proof.

b) Herethe proof is analogousto that of a).

|

Let us note that whene\er the enforcedpro le is a Pareto improvemer of
the equilibrium pro le, the payo s after taxation for this pro le are greater
than for the equilibrium pro le for at leastsomeplayersand at leastasgood
for a.e. player.

Remark 2 If all players are of the sametype 1, r > ! and a tax system
Tt x;s) = 1(x) (s )" enforcestheprole €, thenthepayo s resulting
from tax are Pareto optimal in the primary game,they are Pareto improve-
ment of the equilibrium prole , they maximize aggegatel payo , they are
e ective in the senseof property and the behaviour of the players leads to
sustainableexploitation of the ecosystem.m

7 Conclusion

In this paper we consideredgameswith nitely many playersand their limit
gamewith cortinuum of players usedfor modelling exploitation of a renew-
able resource.

The gamewith cortinuum of playersturns out to be good to model real
situations in which the number of playersis large. In the gamesconsidered
the xed rate equilibria in the cortinuum-of-players game are the sameas
sud equilibria in the gameswith a su cien tly large nite number of players.
However, the technique of calcutation is much simpler for the gamewith a
cortinuum players.

In both gamesthe equilibria are not Pareto optimal and somekind of
more "social" behaviour of the players has to be enforced(three ways of
interpreting the term "socially acceptable” are considered). In the game
with cortinuum of playerscalculating a tax systemenforcingscocially desired
behaviour is much simplerand the tax systemswhich enforcessud behaviour
in the cortinuum-of-players game,enforcesit alsoin any gamewith nitely
many players.

20



8 References

Aumann, R.J. (1964), Markets with a Continuum of Traders Econometrica
32, 39-50

Aumann, R.J. (1966), Existene of Competitive Equilibrium in Markets with
Continuum of Traders Econometrica34, 1-17

Balder, E. (1995), A Unifying Approach to Existene of Nash Equilibria,
International Journal of Game Theory 24, 79-94

Carraro, C., Filar J.A. (ed.), (1995), Control and Game-Theretic Models of
the Environment, Annals of the International Scciety of Dynamic Games2,
Birkheuser

Fisher, R.D., Mirman, L.J. (1992), A Strategic Dynamic Interaction, Fish
Wars, Journal of EconomicDynamics and Control 16, 267-287

Kaitala, V. (1986), Game Theory Modelsin Fisheries Management: A Sur-
vey, 252-266,w: T. Basar (ed.), 1986,Dynamic Gamesand Applications in
Economics Lecture Notesin Economicsand Mathematical Systems,Springer

Karatzas, I., Shubik, M., Sudderth, W.D. (1994), Construction of Stationary
Markov Equilibria in a Strategic Market Game Mathematics of Operations
Researb 19, 975-1006

Levhari, D., Mirman, L.J., (1980), The Great Fish War: an ExampleUsing
a Dynamic Cournot-Nash Solution, Bell Journal of Economicsll, 322-334

Mas-Colell,A. (1984),0n the Theorem of Schmeider, Journal of Mathemat-
ical Economics13, 201-206

Sdmeidler, D. (1973), Equilibrium Points of Nonatomic Games Journal of
Statistical Physics17, 295-300

Vind, (1964), Edgeworth-Alocations is an ExchangeEconomy with Many
Traders International EconomicReview5, 165-177

Wieczorek,A. (1997), Simple Large Gamesand Their Applications to Prob-
lems with Many Agents Report 842, Institute of Computer SciencePolish
Acadeny of Sciences

Wieczorek,A., Wiszniewsla, A. (Wiszniewsla-Matyszkiel), (1999),A Game-
Theoretic Model of Sacial Adaptationin an In nite  Population, Applicationes
Mathematicae 25, 417-430

Wiszniewsla-Matyszkiel, A. (2000a), Dynamic Game with Continuum of
Players Modelling "the Tragely of the Commons", in Petrosjan, Mazalos
(eds.) Game Theory and Applications 5 , 162-187

21



Wiszniewsla-Matyszkiel, A. (2000b), Existence of Pure Equilibria in Games
with Continuum of Players Topological Methods in Nonlinear Analysis 16,
339-349

Wiszniewsla-Matyszkiel, A. (2001a), Exploitation of Ecosystemsand Game
Theory I: Deterministic Nonaoperative Games(in Polish), Matematyka Stosavana
2 (43), 11-31

Wiszniewsla-Matyszkiel, A. (2001b), "The Tragealy of the Commons" Mod-
elled by Large Games Annals of the International Scciety of Dynamic Games
6, (E. Altman, O. Pourtallier eds.) 323-345

Wiszniewsla-Matyszkiel, A. (2002a),Static and Dynamic Equilibria in Games
with Continuum of Players Positivity 6, 433-453

Wiszniewsla-Matyszkiel, A. (2002b), Discrete Time Dynamic Gameswith
Continuum of Players |: DecompsableGames International Game Theory
Review 4, 331-342

Wiszniewsla-Matyszkiel, A. (2003a), Discrete Time Dynamic Gameswith
Continuum of Players Il: Semi-DeomposableGames. International Game
Theory Review5, 27-40

Wiszniewsla-Matyszkiel, A. (2003b), Exploitation of Ecosystemsand Game
Theory Il: Cooperation (in Polish), Matematyka Stosavana 4 (45), 56-77

Wiszniewsla-Matyszkiel, A. (2003c),Static and Dynamic Equilibria in Stachas-
tic Gameswith Continuum of Players Control and Cybernetics32, 103-126

Wiszniewsla-Matyszkiel, A. (2005a), A Dynamic Game with Continuum of
Players and its Counterpart with Finitely Many Players Annals of the In-
ternational Scaciety of Dynamic Games?7, Birkheuser

Wiszniewsla-Matyszkiel, A. (2005b), Modelling stack exchangeusing games
with continuum of players (in Polish), to appear in Opere et Studio pro
Oeconomia

Zabczyk, J. (1991), Zarys matematycznejteorii sterowania, PWN
Zabczyk, J. (1992),Mathematical Control Theory: An Intr oduction, Birkhauser

22



